We prove that the quantum toroidal algebras E s associated with different root systems s of gl m|n type are isomorphic. We also show the existence of Miki automorphism of E s , which exchanges the vertical and horizontal subalgebras.
Introduction
In this paper, we continue our study of the quantum toroidal algebras associated with the Lie superalgebra gl m|n initiated in [BM] .
The root systems of sl m|n are parameterized by sequences s = (s 1 , . . . , s m+n ), where s i = ±1, and 1 occurs m times, −1 occurs n times. We denote the algebra sl m|n given in parity s by sl s . In [BM] , we introduce the quantum toroidal algebra E m|n corresponding to the standard parity (1, . . . , 1, −1, . . . , −1). In this paper, we define and study the quantum toroidal algebra E s associated with an arbitrary parity s, see Definition 4.1.
The idea for the definition is already described in [BM] : we require E s to have vertical subalgebra U ver q sl s , given in the current generators, and the horizontal subalgebra U hor q sl s , given in the Chevalley generators, both in parity s. In addition, we want our construction to be invariant under rotations τ of the Dynkin diagram which connects E s with E τ s , where τ s = (s 2 , . . . , s m+n , s 1 ). The algebra E s depends on parameters q 1 , q 2 , q 3 , q 1 q 2 q 3 = 1, q 2 = q 2 .
It is natural to expect that all algebras E s should be isomorphic. In this paper, we prove that this is indeed so, see Corollary 5.2. Similar statements are well known, see [Y] for the case of quantum affine superalgebras, [T] for the case of super Yangians.
For the proof, we establish an action of the toroidal braid group B m+n on E • = ⊕ s E s . The group B m+n is generated by T i , Y j , τ , i = 1, . . . , m + n − 1, j = 0, . . . , m + n − 1. We already have τ . The automorphisms Y j are given by explicit formulas, see (4.27), (5.17) . The main issue is the definition of T 1 . We follow the logic of [M] . We have an action of the extended affine braid group B m+n on U q sl • = ⊕ s U q sl s , see [Y] . It turns out that the maps T 1,s : U ver q sl s → U ver q sl σ 1 s and T 1,s : U hor q sl s → U hor q sl σ 1 s agree on the common part U q sl s = U ver q sl s ∩ U hor q sl s and give rise to the map of the whole algebra T 1,s : E s → E σ 1 s , where σ 1 s = (s 2 , s 1 , s 3 , . . . , s m+n ). The action of T 1 is not completely explicit, and we use various algebraic properties to check that it is well defined. In particular, using τ , we are able to reduce the checking to computations in the vertical subalgebra, for which we can use the results of [Y] .
As a byproduct, we also obtain the Miki automorphism, see Theorem 5.9, which is central to the study of quantum toroidal algebras in the even case, see [M] , [FJMM] . The Miki automorphism is the highly non-explicit automorphism which maps vertical and horizontal subalgebras to each other. Note that the isomorphism from U q sl s in current realization to U q sl s in Chevalley realization is already not explicit. The Miki automorphism originates in the well known Fourier transform Φ for toroidal braid group, see Lemma 5.6, which maps commutative generators Y i ∈ B m+n to Knizhnik-Zamolodchikov elements. The construction is as follows.
Let A ⊂ B m+n be the subgroup generated by Y i and Φ( Y i ). As mentioned above, the vertical and horizontal algebras share a copy of non affine U q sl m|n . Then A(U q sl s ) generates E s . Indeed, Y i acting on U q sl s generates the vertical subalgebra, while Φ( Y i ) acting on U q sl s generates the horizontal subalgebra, see Lemma 5.7.
Then, by definition, the Miki automorphism ψ maps
In other words, when acting on E s , the Fourier transform of the toroidal braid group is given as conjugation by the Miki automorphism, see Proposition 5.11. From the very construction, ψ(U ver q sl s ) = U hor q sl s . We also have ψ(U hor q sl s ) = U ver q sl s since it is known that Φ 2 ( Y i ) is in the algebra generated by Y i .
In this paper, we construct the action of toroidal braid group and the Miki automorphism for the case m = n and m + n > 3.
The paper is constructed as follows. In Section 2, we recall the definition of the quantum affine superalgebra U q sl m|n with any choice of parity. In Section 3, we recall the action of the extended affine braid group on U q sl • = ⊕ s U q sl s given in [Y] . In Section 4, we introduce the quantum toroidal algebra E s associated with gl m|n for any choice of parity and give a few properties. In Section 5, we construct an action of the toroidal braid group on E • = ⊕ s E s and the Miki automorphism. In Appendix A, we give an evaluation map using an action of the braid group of sl m+n on a completion of U q sl • .
An element s = (s 1 , . . . , s N ) ∈ S m|n is called a parity sequence. The parity sequence of the form s = (1, . . . , 1, −1, . . . , −1) is called the standard parity sequence.
Given a parity sequence s ∈ S m|n , we have the Cartan matrix A s = (A s i,j ) i,j∈I and the affine Cartan
Denote sl s the superalgebra corresponding to Cartan matrix A s . Denote sl s the superalgebra corresponding to Cartan matrixÂ s . The superalgebras sl s are all isomorphic to sl m|n and the superalgebras sl s to sl m|n . By abuse of notation we often omit the suffix s if the parity sequence is clear from the context.
Let P s be the integral lattice with basis ε i , i ∈Î, and bilinear form given by
Let ∆ s = {α i := ε i − ε i+1 |i ∈ I} be the set of simple roots of sl s , and let Q s be the root lattice of sl s . Let also δ be the null root of sl s satisfying δ|δ = δ|α i = 0, i ∈ I. Set α 0 = δ + ε N − ε 1 . Then, ∆ s = {α i |i ∈Î} is the set of simple roots of sl s . Note that α i |α j = A s i,j , i, j ∈Î, and the parity of the simple root α i is given by |α i | = |i| = (1 − s i s i+1 )/2.
2.2.
Quantum affine superalgebra U q sl m|n . Fix q ∈ C × not a root of unity and let [k] = q k −q −k q−q −1 , k ∈ Z. We also use the notation [X, Y ] a = XY − (−1) |X||Y | aY X. For simplicity, we write [X, Y ] 1 = [X, Y ]. The bracket [X, Y ] a satisfy the following Jacobi identity
Let s be a parity sequence. In the Drinfeld-Jimbo realization, the superalgebra U q sl s is generated by Chevalley generators e i , f i , t i , i ∈Î. The parity of generators is given by |e i | = |f i | = |i| = (1 − s i s i+1 )/2, and |t i | = 0.
The defining relations are as follows.
The superalgebra U q sl s in the Drinfeld-Jimbo realization has a Z N -grading given by
In the new Drinfeld realization, the superalgebra U q sl s is generated by current generators 1
Here and below, we use the following convention: r ∈ Z ′ means r ∈ Z if r is an index of a non-Cartan current generator x ± i,r , and r ∈ Z ′ means r ∈ Z \ {0} if r is an index of a Cartan current generator h i,r .
The parity of generators is given by |x ± i,r | = |i| = (1 − s i s i+1 )/2, and all remaining generators have parity 0.
The superalgebra U q sl s in the new Drinfeld realization has a Z N -grading given by
The isomorphism between Drinfeld-Jimbo and new Drinfeld realizations is described in Proposition 3.3.
For J ⊂ I, we call the subalgebra of U q sl s generated by a j,r , j ∈ J, r ∈ Z ′ and a = x + , x − , h, the diagram subalgebra associated with J and denote it by U J q sl s . Any diagram subalgebra is isomorphic to a tensor product of U q sl k|l algebras.
Affine braid group
It is well known that the role of the Weyl group in the simple Lie algebras is played by an appropriate braid group in the quantum setting, see [B] , [L] . In this section we recall the action of extended affine braid group of type A in U q sl • = s∈S m|n U q sl s . We follow [Y] .
In this section, we always assume N ≥ 4.
3.1. Extended affine braid group of type A. We recall the extended affine braid group of type A. Let B N be the group generated by elements τ , T i , i ∈Î, with defining relations
The group B N is called the extended affine braid group of type A.
Alternatively, B N can be described as the group generated by elements X i , T i , i ∈ I, with defining relations
An isomorphism γ between the two realizations is given by
We have a surjective group homomorphism
where we denoted σ i = (i, i + 1), i ∈ I, σ 0 = (1, N), and, by an abuse of notation, τ = (1, 2, . . . , N).
3.2. Action of B N on Drinfeld-Jimbo realization of U q sl • . The symmetric group S N acts naturally on S m|n by permuting indices, σs := (s σ −1 (1) , . . . , s σ −1 (N ) ) for all σ ∈ S, s ∈ S m|n .
The extended affine braid group also acts on S m|n by T s = π(T )s, for T ∈ B N , s ∈ S m|n , see (3.12). The next proposition describes a family of isomorphisms of quantum affine superalgebras.
Proposition 3.1. [Y] We have the following.
(i) For i ∈Î, s ∈ S m|n , there exists an isomorphism of superalgebras T i,s : U q sl s → U q sl σ i s given on Chevalley generators by
The parities on the r.h.s. correspond to the generators of target algebra U q sl σ i s .
The parities on the r.h.s. correspond to the generators of target algebra U q sl s . (iii) For s ∈ S m|n , there exist an isomorphism of superalgebras τ s : U q sl s → U q sl τ s given on Chevalley generators by
We note the following useful formula
The isomorphisms T i,s and τ s change the grading in the Drinfeld-Jimbo realization as follows.
The isomorphisms generate a groupoid if one considers the category whose objects are the superalgebras U q sl s , s ∈ S m|n , and whose morphisms are τ s , T i,s , i ∈Î, s ∈ S m|n , their compositions and inverses.
In our situation, the groupoid structure is equivalent to the group action as follows. Define the following automorphisms of
Note that, by abuse of notation, we denote by τ both the automorphism above and the element of S N .
The automorphisms τ , T i , i ∈Î, define an action of the extended affine braid group B N on U q sl • , i.e., they satisfy the relations (3.1)-(3.3).
We adopt the following convention.
We use a similar convention with other maps, see, for example, Theorem 5.1 below.
Note that the action of B N on S m|n is transitive. In particular, Proposition 3.1 implies that all superalgebras U q sl s , s ∈ S m|n , are isomorphic.
We have an action of extended affine braid group B N on U q sl • given in Chevalley generators, see Section 3.2. The group B N contains elements X i , i ∈ I, see Section 3.1. The elements X i preserve the parity, X i s = s, for all s ∈ S m|n , and, therefore, (X i ) s is an automorphism of U q sl s . These automorphisms are used to obtain an isomorphism between the two different realizations of U q sl s .
There exists an isomorphism ι s between new Drinfeld and Drinfeld-Jimbo realizations of U q sl s mapping:
The identifications ι s allow us study action of B N on the new Drinfeld realization. One can describe action of the X i,s in current generators explicitly.
Proposition 3.4. [Y] For i ∈ I, s ∈ S m|n , the action of X i,s in current generators is given by
For the action of T i,s in current generators we have some partial information.
Lemma 3.5. For i ∈ I, we have
We also have,
Proof. Equations (3.17)-(3.21) follow from relation (3.7) and Proposition 3.1.
To prove the last part, we note that if i = 1 then the algebra generated by U {i} q sl s , is a subalgebra of the algebra generated by
We can also write the inverse of the isomorphism ι s .
Proof. It is sufficient to use (3.11).
Note that in Lemma 3.6 we apply T i only to Chevalley generators, therefore the formulas are explicit.
The correspondence between the Z N -grading in the two realizations of U q sl s is as follows.
Similarly, if x ∈ U q sl s is given in the Drinfeld-Jimbo realization and deg h (x) = (d h 0 , d h 1 , . . . , d h N −1 ), then the grading in the new Drinfeld realization is
3.4. The anti-automorphisms ϕ and η. We have two anti-automorphisms of U q sl s which will be used in Sections 4 and 5.
Lemma 3.7. For s ∈ S m|n , we have a superalgebra anti-automorphism ϕ s : U q sl s → U q sl s given on Chevalley generators by
Moreover, the anti-automorphisms ϕ s , s ∈ S m|n , satisfy
Proof. This is checked by a straightforward computation.
Note that ϕ s preserves the grading (2.3).
Lemma 3.8. For s ∈ S m|n , we have a superalgebra anti-automorphism η s : U q sl s → U q sl s given on current generators by
Moreover, the anti-automorphisms η s , s ∈ S m|n , satisfy
Proof. The existence of this anti-automorphism is checked directly. For the last equality, note that η s coincides with ϕ s on the subalgebra generated by x ± i,0 , k i , c, i ∈ I. Also, by the isomorphism between the new Drinfeld and Drinfeld-Jimbo realizations of U q sl s , it is sufficient to check the identity on
The remaining values of i are trivial. The check for x + 1,−1 is analogous. Using the relation (3.8) we have
Both anti-automorphisms ϕ s and η s are anti-involutions: ϕ 2 s = η 2 s = 1.
Quantum toroidal superalgebra E s
The quantum toroidal algebra associated with gl m|n and standard parity was introduced in [BM] . In this section, we introduce the quantum toroidal algebra E s associated with gl m|n for any choice of parity s. We give a few properties of these algebras.
Note that q 1 q 2 q 3 = 1. In this paper we always assume that q 1 , q 2 are generic, meaning that q n 1 1 q n 2 2 q n 3 3 = 1, n 1 , n 2 , n 3 ∈ Z, iff n 1 = n 2 = n 3 . Fix also
Recall the affine Cartan matrixÂ s = (A s i,j ) i,j,∈Î , see (2.1). We also define the matrix
The quantum toroidal algebra associated with gl m|n and parity sequence s is the unital associative superalgebra E s = E s (q 1 , q 2 , q 3 ) generated by E i,r , F i,r , H i,r , and invertible elements K i , C, where i ∈Î, r ∈ Z ′ , subject to the defining relations (4.1)-(4.15) below. The parity of the generators is given by |E i,r | = |F i,r | = |i| = (1 − s i s i+1 )/2, and all remaining generators have parity 0.
We use generating series
Let also δ (z) = n∈Z z n be the formal delta function.
Then the defining relations are as follows.
The relations (4.2)-(4.5) are equivalent to
The relations (4.10) and (4.11) are also satisfied if A s i,i = 0, due to the quadratic relations (4.7). The element K :
We call E J s the diagram subalgebra associated with J of E s . 4.2. Some properties of E s . For each i ∈Î, the superalgebra E s has a Z-grading given by
There is also the homogeneous Z-grading given by
Thus, the superalgebra E s has a Z N +1 -grading given on a homogeneous element X ∈ E s by deg(X) = deg 0 (X), deg 1 (X), . . . , deg N −1 (X); deg δ (X) . The superalgebra E s has a graded topological Hopf superalgebra structure given on generators by
The maps ∆ and ε are extended to algebra homomorphisms, and the map S to a superalgebra anti-homomorphism, S(xy) = (−1) |x||y| S(y)S(x). Note that the tensor product multiplication is defined for homogeneous elements x 1 , x 2 , y 1 , y 2 ∈ E s by (x 1 ⊗ y 1 )(x 2 ⊗ y 2 ) = (−1) |y 1 ||x 2 | x 1 x 2 ⊗ y 1 y 2 and extended to the whole algebra by linearity. The vertical subalgebra U ver q sl s is a Hopf subalgebra of E s . 4.3. Horizontal and vertical subalgebras. Let s be a parity sequence.
Proposition 4.2. The vertical homomorphism v s is injective for generic values of parameters.
Proof. This proposition was proved in [BM] in the case s is the standard parity sequence using the existence of the evaluation map. An evaluation map for any choice of parity s under the resonance condition q m−n 3 = C 2 is given in Appendix A. It provides a left inverse for v s and therefore, v s is injective under resonance condition. Thus it is injective for generic parameters.
The image of the vertical homomorphism coincides with E I s . We denote this subalgebra U ver q sl s and call it the vertical quantum affine sl m|n .
Corollary 4.3. Let J ⊂Î, J =Î. Then the diagram subalgebra E J s is isomorphic to tensor product of quantum affine superalgebras U q sl k|l for generic values of parameters.
We denote U hor q sl s the subalgebra of E s generated by E i,0 , F i,0 , K i , i ∈Î, and we call it the horizontal quantum affine sl m|n .
We have a horizontal homomorphism of superalgebras h s : U q sl s → E s given by
with image U hor q sl s . We will later prove (for N > 3) that for generic values of parameters the horizontal homomorphism h s is injective, see Corollary 5.10. Note that it is not a Hopf algebra map.
Note that, if x ∈ U q sl s and deg h (x) = (d 0 , d 1 , d 2 , . . . , d N −1 ), then
Lemma 4.4. The quantum toroidal algebra E s is generated by the vertical and horizontal subalgebras U ver q sl s and U hor q sl s . Proof. The only generators which are not generators of either the vertical or horizontal subalgebras are E 0,r , F 0,r , r ∈ Z × . These generators are obtained as commutators of E 0,0 and F 0,0 with H 1,±1 , see (4.16), (4.17).
We often use a shortcut notation (4.22)
4.4. Morphisms. We list some symmetries of the superalgebras E s . Given s ∈ S m|n , let s ′ = (s m−1 , s m−2 , . . . , s −n ). The diagram isomorphism ω s :
Given s ∈ S m|n , let −s = (−s 1 , −s 2 , . . . , −s N ) ∈ S n|m . The change of parity isomorphism ν s :
changes q to q −1 .
For u ∈ C × , the shift of spectral parameter γ u,s : E s → E s is an isomorphism defined by
For s ∈ S m|n , there exists an isomorphism of superalgebras τ s : E s → E τ s given by
Recall our notation (4.22). In this notation, the map τ s takes the form
Proposition 4.5. The isomorphisms τ s , s ∈ S m|n , satisfy
The maps τ s preserve the homogeneous grading and deg i ( τ s (X)) = deg i−1 (X), i ∈Î.
Proof. A straightforward computation shows that τ s preserve the homogeneous grading, satisfy equality (4.24), and deg i ( τ s (X)) = deg i−1 (X), i ∈Î, if X ∈ E s is homogeneous.
We
The proofs for x − i (z) and k ± i (z) are analogous. Equation (4.26) for i = j follows from Lemma 3.5 and equation (4.25). To show (4.26) with i = j, set l = i − 1 if i = 1, and l = 2 if i = 1. In particular, A s l,i = 0. Then,
Also, by a direct computation, we have
. Therefore, the constant terms of left hand side and right hand side of (4.26) coincide. The equality of other terms follow from the commutator
The homomorphism v s , h s and τ s previously defined correspond to the algebra E s (q 1 , q 2 , q 3 ). Let v ′ s , h ′ s and τ ′ s be the analogous homomorphisms corresponding to the algebra E s (q 3 , q 2 , q 1 ), i.e., the parameter d is switched to d −1 .
The map η s defined on Lemma 3.8 has the following toroidal counterpart. For s ∈ S m|n , there exists an anti-isomorphism of superalgebrasη s : E s (q 1 , q 2 , q 3 ) → E s (q 3 , q 2 , q 1 ) given bŷ
Lemma 4.6. The anti-isomorphismsη s , s ∈ S m|n , satisfy
Proof. The equality (η h) s = (h ′ ϕ) s is clear. We check, for example, (η v) s = (v ′ η) s on x + i (z) and (η τ ) s = ( τ ′η ) s on E i,r . The other cases are analogous. Note thatη s interchanges the parameters q 1 and q 3 , i.e., d and d −1 are interchanged. Thus,
The maps X i,s defined on Proposition 3.4 also have toroidal analogs as follows. There exist automorphisms of superalgebras X i,s : E s → E s , i ∈Î, s ∈ S m|n , given by
The automorphism X i,s preserves deg j , j ∈Î, and deg δ ( X i,s (X)) = deg δ (X) − deg i (X) if X ∈ E s is homogeneous. Let also X ′ i,s be the analogous automorphism corresponding to the algebra E s (q 3 , q 2 , q 1 ). Let ζ s : E s → E s , s ∈ S m|n , be the rescaling automorphism given by
Proposition 4.7. The automorphisms X i,s , ζ s satisfy
Proof. Identities (4.28) and the first equality of (4.29) are clear.
The check on the remaining generators is similar.
Toroidal braid group
We construct an action of the toroidal braid group B N associated with sl m|n on E • = s∈S m|n E s . As a consequence, we show that the algebras E s , s ∈ S m|n , are all isomorphic. It also gives us the Miki automorphism of E s , which interchanges the horizontal and vertical subalgebras.
In this section, we assume N ≥ 4.
5.1. Action of B N on E • . We start with extending the action of affine braid group B N from the vertical subalgebra U ver q sl • given in Proposition 3.1 to the toroidal algebra E • . Note that the map τ s was already defined in (4.23). We also recall that the prime indicates the action of the operator with q 3 and q 1 switched, see Section 4.4.
Theorem 5.1. Let N > 3. For i ∈Î, s ∈ S m|n , there exists an isomorphism of superalgebras
Moreover, the isomorphisms T i,s satisfy the Coxeter relations
Finally, T i,s are graded with respect to homogeneous grading.
Proof. Throughout this proof we write similar formulas for X ± i (z) andK ± i (z). To avoid repeating the same formula four times, we use the letters A i (z) to denote X ± i (z) orK ± i (z), and a i (z) to denote x ± i (z) or k ± i (z) . Note that A i (z) and a i (z) in the same formula are all of the same kind -e.g. all X + i (z) and x + i (z). Define the map T 1,s on generators of E s by T 1,s (A 0 (z)) = ( τ −1 vT 2 ) τ s (a 1 (−z)), T 1,s (A i (z)) = (vT 1 ) s (a i (z)) (i ∈ I).
Note that T 1,s (A i (z)) = A i (z) if i = 3, . . . , N − 1. Moreover, the action of T 1,s on A 0 (z), A 2 (z), A 1,0 is explicit by Lemma 3.5. The map T 1,s respects homogeneous grading because T 1,s and T 2,s do. We claim that this extends to an isomorphism of superalgebras. In fact all relations which do not involve node 1 (that is the ones which do not contain E 1 (z), F 1 (z), K ± 1 (z)) can be checked by a direct computation. To check the relations which do involve node 1 and to reduce the calculations in other cases we can use the following arguments. The relations not involving node 0 are satisfied since we can compute in the vertical algebra and T 1,s is a homomorphism.
To check the relations involving node 0, note that by Proposition 4.5 we have
Let us first assume that N > 4. We prove the relations involving the nodes 0, 1, and 2 by moving these nodes to 1, 2 and 3 using τ and τ . Namely, by (3.3) and (4.25), we have
Observe that the defining relations between generators of E s involving nodes 0, 1, 2 are the same as the defining relations in U q sl τ s involving nodes 1, 2, 3. Since ( τ −1 vT 2 ) τ s is a homomorphism, it maps the the relations of U q sl τ s involving the nodes 1, 2, 3 to zero. Therefore T 1,s maps defining relations of E s involving nodes 0, 1, 2 to zero.
The relations involving the nodes N − 1, 0, 1 are treated similarly: we go to nodes 1, 2, 3 again by using T 1,s (A i (z)) = ( τ −2 vT 3 ) τ 2 s (a i+2 (z)) (i = 0, 1), a 1 (z) ).
Note that the defining relations between generators of E s involving nodes N − 1, 0, 1 are the same as the defining relations in U q sl τ 2 s involving nodes 1, 2, 3 if the shift of spectral parameter in the generating series related to node N − 1 is taken into account. Therefore as before, T 1,s maps defining relations of E s involving nodes N − 1, 0, 1 to zero. For the relations involving the nodes N − 2, N − 1, 0 we proceed in the same way by using
T 1,s (A 0 (z)) = ( τ −3 vT 4 ) τ 3 s (a 3 (−z)). and reducing to nodes 1, 2, 3 once again. We omit further details. Thus for N > 4 all relations follow without extra computations. If N = 4, the previous argument applies for the relations involving the nodes 0, 1, 2, or −1, 0, 1, or 0, 1 or the nodes involving 2, 0. The additional relations (4.12) and (4.13) for i = 3 in the case A s 3,3 = 0 are checked directly. We check (4.12) with i = 3 as an example. First, by identity (2.2) and relation (4.12) we have
Using Lemma 3.5 we can compute the action of T 1,s on (4.12) explicitly. Note that A s 3,3 = 0, N = 4, m = n imply mn = 3 and |1| = 0. We have
This shows that T 1,s is a homomorphism.
For i ∈Î define
Since T 1,s and τ s are homomorphisms for all s ∈ S m|n , the maps T i,s are well defined homomorphisms for all i ∈Î and s ∈ S m|n .
Note that
Now, we show that the homomorphisms T i,s satisfy equations (5.1) using induction on i. For i = 1 the statement follows from definition of T 1 . Suppose (5.1) is true for i = j ≤ N − 2. Let us prove it for i = j + 1.
If l ∈ I, l = 1, we have
Here the second equality is (4.25), the third equality is the induction hypothesis, and the last equality is (4.26). If l = 1 then
Here the last equation is a definition if j = 1 and a trivial statement if j > 1 since in that case T j,s (A 0 (z)) = A 0 (z) and T j+1,s (a 1 (z)) = a 1 (z). Thus, T i,s satisfy equation (5.1).
Next we show (5.4) for i = 1. By (5.1), Lemmas 3.8 and 4.6, we have
. Thus, equation (5.4) holds for i = 1. In particular, it implies that T 1,s has an inverse and therefore is an isomorphism.
By Lemma 4.6,η s commutes with τ s . It implies (5.4) for all i ∈Î. In particular, T i,s is isomorphism for all i ∈Î.
By (4.24), the isomorphisms T i,s satisfy equation (5.2).
Finally, we show Coxeter relations (5.5) and (5.6). By equation (5.3), it is sufficient to show these relations when i = 1 and j = 0. By Proposition 3.2, Coxeter relations are satisfied by the homomorphisms T i,s . Then by (5.1), relations (5.5) and (5.6) are satisfied on the image of v s . By (5.2), these relations are also satisfied on the image of h s . Since horizontal and vertical subalgebras generate the whole algebra E s , we obtain the proof of (5.5) and (5.6)
Corollary 5.2. The superalgebras E s are isomorphic for all s ∈ S m|n .
Proof. The corollary follows from Theorem 5.1.
Remark 5.3. The corollary above treats the case N ≥ 4. For N = 3, the isomorphisms between all three algebras E s are given by the map τ .
Define the following automorphisms of E
Corollary 5.4. Let N > 3. The automorphisms τ , T i , i ∈Î, define an action of the extended affine braid group B N on E • , i.e., they satisfy the relations (3.1)-(3.3).
Toroidal braid group.
We recall the definition of the toroidal braid group of sl N , cf. [M] .
Definition 5.5. The toroidal braid group B N of sl N is the group generated by elements τ , T i , Y j , i ∈ I, j ∈Î, satisfying the relations (5.16) We remark that the toroidal braid group B N quotient by the relation τ Y 0 τ −1 = Y 1 is isomorphic to double affine Hecke group with central element set to 1, see Definition 4.1 in [C] .
The toroidal braid group has the following Fourier transform given by qKZ elements.
Lemma 5.6. [C] [M] There exists an automorphism Φ of B N given by
Note that the subgroup G ⊂ B N generated by T 1 and τ , and the subgroup H ⊂ B N generated by T 1 and Y 1 are both isomorphic to the extended affine braid group B N . The isomorphism γ between these two presentations of B N is described in (3.11).
Let i G be the inclusion i G : G ∼ = B N → B N given by
and i H be the inclusion i H : H ∼ = B N → B N given by
The following lemma is easily checked on generators.
Lemma 5.7. The homomorphism γ, i G , i H and Φ satisfy the following commutative diagram
Recall automorphisms ζ s , X i,s of E s described in Proposition 4.7. Define the following automor- Proof. We often write equation of maps from U q sl s to E s , similar to (5.18). We understand that new Drinfeld realization is identified with the Drinfeld-Jimbo realization via map ι and do not distinguish between them. In particular, we skip ι from our formulas.
Recall notation (4.22). For i ∈ I, let Z i,s = ( Y 1 · · · Y i ) s . Using equations (3.11), (4.24) and (5.2) we get
And, by relations (3.8)-(3.10), we have
Thus,
. This implies ψ s v s = h s . Thus, ψ s extends to a homomorphism U ver q sl s → E s . We now check that ψ s satisfy the relations involving the node 0. This is done in a similar way as in Theorem 5.1. For i ∈ I, using (3.13) and the relations in the group, we obtain
Thus, the relations involving the nodes 0, 1 and 2 follow from the relations involving the nodes 1, 2 and 3 in U ver q sl τ s using the equation
For the relations involving the nodes 0, 1 and N − 1 we use
And for the relations involving the nodes 0, N − 1 and N − 2 we use
We check the equation (ψ h) s = (v η ϕ) s on the Chevalley generators e i , i ∈Î. The proof for f i , t i , i ∈Î, is analogous. By (3.11) and (3.24), we have
By Lemma 4.6 and the identities (ψ v) s = h s , (ψ h) s = (v η ϕ) s , we have
Thus, (ψη ′ ψ ′η ) s = 1 s on both U ver q sl s and U hor q sl s , but they generate E s . Therefore (ψη ′ ψ ′η ) s = 1 s on E s . This completes the proof.
Since the Miki automorphism sends vertical subalgebra U ver q sl s to horizontal U hor q sl s subalgebra, from Proposition 4.2 we obtain the following corollary.
Corollary 5.10. Let N > 3. For generic values of parameters, horizontal map h s : U q sl s → E s is injective. In particular, U hor q sl s is isomorphic to U q sl s . The key property used in the proof of Theorem 5.9 was the compatibility of ψ with the braid group action which we describe in the next proposition.
Proposition 5.11. The automorphism ψ s satisfies
Proof. If B = T i , i ∈ I, we use (5.1), (5.2) and the first two equalities of (5.18) to show (5.21) is satisfied on the horizontal and vertical subalgebras. We have
Since the horizontal and vertical subalgebras generate E s , we have (ψ T i ) s = (Φ( T i )ψ) s on E s . The case B = τ is equation (5.20). Since B N is generated by T i , Y 1 and τ , it it remains to check the case B = Y 1 . From the previous cases we have (ψ τ ) s = (Φ( τ ) ψ) s = ( Y −1 1 T 1 · · · T N −1 ψ) s . Thus,
1 ) s = ( τ T −1 N −1 · · · T −1 1 ψ −1 ) s . By the first equality of (4.28), equation (5.4), and the last equalities of (4.6) and (5.18), we have
Finally, we describe how Miki automorphism changes the grading.
Proposition 5.12. If X ∈ E s is homogeneous, then deg δ (ψ s (X)) = − deg 0 (X), deg i (ψ s (X)) = deg δ (X) + deg i (X) − deg 0 (X) (i ∈Î). Note that if X ∈ U ver q sl s , then (5.22) reduces to (3.26) . Similarly if X ∈ U hor q sl s , then (5.22) reduces to (3.27).
Appendix A.
In this appendix, we define another action of the braid group of type A on a suitable completion U q sl • of U q sl • . We write an evaluation homomorphism from E s to U q gl m|n with parity s in terms of the braid group action.
A.1. The superalgebra U q gl m|n . Let s be a parity sequence. We denote the superalgebra U q gl m|n with parity s by U q gl s . Here we use a presentation of U q gl m|n similar to the presentation of U q gl m given in [DF] .
The algebra U q gl s is obtained by adding to U q sl s a Heisenberg current commuting with it and extending the root lattice of k i to φ i . For our purposes it is convenient to write the generators and relations in the following way.
Define the matrix B s = (B s i,j ) i,j∈Î , where B s i,j = s i (δ i,j − δ i,j+1 ). Note that A s i,j = B s i,j − B s i+1,j . For i, j ∈Î, define δ i>j = 1 if i > j and δ i>j = 0 if i ≤ j. In this notation, we still consider the elements ofÎ modulo N, but we identifyÎ with the set {1, 2, . . . , N − 1, N}. For example, δ 0>1 = δ N >1 = 1.
The superalgebra U q gl s is generated by current generators c, φ ±1 i , φ i,r , x ± j,r , i ∈Î, j ∈ I, r ∈ Z ′ . Let φ ± i (z) = φ ±1 i exp ±(q − q −1 ) r>0 φ i,±r z ∓r , i ∈Î. For i ∈ I, define k ± i (z) = φ ± i (q µs(i) z)φ ± i+1 (q µs(i) z) −1 , where µ s (i) = − i j=1 s j , see Section 4.3. The defining relations are as follows. First, the currents k ± i (z), x ± i (z), i ∈ I satisfy the relations of U q sl s given in the new Drinfeld realization as in Section 2.2.
The remaining defining relations are as follows. For i, j ∈Î
For i ∈Î and j ∈ I (z − q µs(i)+ 1 N on U q sl • .
We are now able to construct an evaluation homomorphism from E s to U q gl s . The evaluation map if s is the standard parity sequence was constructed in [BM] without explicitly using the braid action above. The evaluation map for all choices of s given in the following theorem coincides with the previous one if s is the standard parity sequence. This construction is similar to the n = 0 case, which was done in [M2] .
Theorem A.4. Fix u ∈ C × . The following map is a surjective homomorphism of superalgebras ev s u : E s → U q gl s with C 2 = q m−n 3 :
E 0 (z) → u −1 φ − 0 (c −2 q 2(n−m) z) × (T N −1 . . . T 1 ) τ −1 s (x + 1 (zq s N )) × φ + 0 (c −1 q 2(n−m) z) −1 , F 0 (z) → u φ − 0 (c −1 q 2(n−m) z) −1 × (T N −1 . . . T 1 ) τ −1 s (x − 1 (zq s N )) × φ + 0 (c −2 q 2(n−m) z), K ± 0 (z) → (T N −1 . . . T 1 ) τ −1 s (k ± 1 (zq s N )) × φ ± 0 (c −2 q 2(n−m) z)φ ± 0 (q 2(n−m) z) −1 . Proof. The proof of the theorem is the same as in [BM] with the appropriate changes on the shifts in the formulae.
Note that if X ∈ E s has grading deg X = (d 0 , d 1 , . . . , d N −1 , d δ ) then the grading of the image is given by deg v (ev s u ) = (d 1 − d 0 , d 2 − d 0 , . . . , d N −1 − d 0 ; d δ ).
